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Abstract
In Horˇava-Lifshitz gravity, the extra dynamical scalar mode could play significant role in cos-
mology. However it has been pointed out that such a scalar may suffer from the strong coupling
problem in IR. We address this issue in this paper. Our analysis shows that the scalar mode could
decouple naturally at λ = 1 due to the extra gauge symmetry. On the other hand, the fact that
the scalar mode becomes ghost when 1/3 < λ < 1 is a real challenge to the theory. We try to
overcome this problem by modifying the action such that the RG flow lies outside the problematic
region. We discuss the cosmological implications of the action and calculate the power spectra of
scalar and tensor modes.
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I. INTRODUCTION
Diffeomorphism is essential to Einstein’s relativity theory of gravity. It has been widely
believed to be exact in any theory of gravity. However, in the recent proposal by Horˇava[1, 2]
on gravity theory, it is no longer an exact symmetry. The basic idea behind Horˇava’s theory
is that time and space may have different dynamical scaling in UV limit. This was inspired
by the development in quantum critical phenomena in condensed matter physics, with the
typical model being Lifshitz scalar field theory[3, 4]. In this Horˇava-Lifshitz theory, the time
and space will take different scaling behavior as
x→ bx, t→ bzt, (1)
where z is the dynamical critical exponent characterizing the anisotropy between space and
time. Due to the anisotropy, instead of diffeomorphism, we have the so-called foliation-
preserving diffeomorphism. The transformation is now just
t → t˜(t)
xi → x˜i(xj , t). (2)
As the result of this “reduced” gauge symmetry, there are more physical degrees of
freedom in the theory. In fact, there exist an extra dynamical scalar degree of freedom in
Horˇava-Lifshitz gravity, as shown in [1, 2]. This scalar degree of freedom and its physical
implication has also been discussed in cosmology [5, 6, 31]. However, it was pointed out
in [7] that this scalar mode would be strongly coupled to the matter in the IR fixed point
λ = 1, at which one would expect the recovery of diffeomorphism. If this is the case, it
would lead to unacceptable effects in many experiments. In the next section, we would like
to show that this would not happen.
The key point in our analysis is that we take the point of view that the diffeomorphism is
only an approximate symmetry even at IR. In fact, as we will review shortly, it is not hard
to see that even at IR fixed point, there exist various other terms, involving spatial higher-
derivative terms, which break the diffeomorphism, even though they should be very much
suppressed. This is very different from the case in Fierz-Pauli’s massive gravity[8]. In the
massive gravity theory, there exist extra physical degree of freedom. It was a serious issue on
how this degree of freedom get decoupled in the massless limit, where the diffeomorphism is
completely recovered[9, 10]. In our case, we will show manifestly that the extra scalar degree
of freedom could be decoupled without trouble, due to the existence of extra gauge symmetry
at IR fixed point rather than the complete recovery of diffeomorphism. The breakdown of
full diffeomorphism at IR fixed point also suggest that the usual Stuckelberg trick could not
be used directly, especially taking into account of the projectability condition.
Another issue on the scalar mode is whether it is a real physical degree of freedom.
The debate in the literature focus on if one should choose the lapse function to be only
the function of time, or in other words, if the lapse function should be projectable. The
different choice seems lead to completely different physics. For example, it was found that
without the projectability condition there were new static spherically symmetric solutions
to Horˇava-Lifshitz gravity and its modifications[11, 12]. These new solutions may have
profound physical implications in solar system tests[14]. However, it was proved in [13] that
these new solutions do not respect the projectability condition. From our point of view,
taking the lapse function as the function of time is the most natural choice. With this
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choice, the gauge transformation looks transparent and simpler. Moreover the Hamiltonian
constraints form a closed algebra, and the theory gets rid of the pathology found in [1, 15].
Simply speaking, the theory is well-defined with the projectability condition. As a result,
the extra scalar mode becomes the physical one and the key ingredient in our following
discussion.
On the other hand, this extra scalar mode could not be always physical. When the pa-
rameter λ lies between 1/3 and 1, this mode is actually a ghost. We would like to emphasize
that the existence of the ghost is the real challenge to the original Horˇava-Lifshitz gravity
theory. It indicates that the theory may neither well-defined at UV, nor UV complete. In
particular, at UV, one wish that the theory becomes non-relativistic and the speed of light is
much larger than the constant one at IR. In the original proposal of Horˇava-Lifshitz gravity,
this requires that the theory stay near λ = 1/3. However in IR, one may expect that the
theory would flow to λ = 1. As the RG flow is from λ = 1/3 to λ = 1, the theory inevitably
suffers from the existence of ghost. To get away from this trouble, we try to modify the
action in a way that the RG flow may be from UV with λ > 1 to IR with λ = 1. To simplify
the analysis, instead of considering the most general form of the action, we only consider
the potential with the marginal terms and the most relevant terms. This will be the topic
in section 3.
In the remaining part of this paper, we discuss the cosmological implications of the
scalar mode, and also calculate the power spectra of scalar and tensor perturbations. The
cosmology of the Horˇava-Lifshitz gravity has first been discussed in [11, 17, 18, 19], and then
widely studied in the literature[20] from various angles. In this paper, we take the extra
scalar as an alternative to the inflaton and study its power spectrum. We also calculate
the power spectrum of tensor mode in modified Horˇava-Lifshitz gravity action proposed in
section 3. In our treatment, we simply ignore the RG flow and use the standard technology
in cosmological perturbation theory. The problem turns out to be quite similar to the trans-
Planckian problem in inflation. Instead of the WKB approximation used in [6, 19, 30], we
apply the technology in trans-Planckian physics and study the equation of motion of scalar
perturbation stage by stage. We find that the power spectra are scalar invariant. This is not
a surprise since the classical evolution is a pure de-Sitter phase, which has time translation
invariance. We also notice that the tensor-to-scalar ratio is sensitive to the time of horizon-
crossing of tensor and scalar modes, and can be small if at the time of scalar crossing the
horizon λ is near 1.
The paper is organized as follows. In section 2, we study the gravitational scalar in the
Horˇava-Lifshitz gravity theory. In section 3, we present our modification of the Horˇava-
Lifshitz gravity action. In section 4 and 5, we calculate the power spectra of the scalar and
tensor perturbations respectively. We end with some discussions in section 6.
II. SCALAR MODE IN HORˇAVA-LIFSHITZ GRAVITY
Since time direction plays a privileged role in the whole construction, it is more convenient
to work with ADM metric
ds2 = −N2dt2 + gij(dxi +N idt)(dxj +N jdt). (3)
Due to the anisotropy between time and space, the usual diffeomorphisms reduce to the
foliation-preserving diffeomorphisms, generated by infinitesimal transformation:
δt = ξ0(t), δxi = ξi(t, ~x). (4)
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The essential point is that ξ0 is just the function of t. This leads to the following transfor-
mations on the metric components:
δgij = ∂iξ
kgjk + ∂jξ
kgik + ξ
k∂kgij + ξ
0g˙ij,
δNi = ∂iξ
jNj + ξ
j∂jNi + ξ˙
jgij + ξ˙
0Ni + ξ
0N˙i,
δN = ξj∂jN + ξ˙
0N + ξ0N˙ . (5)
The above transformations could be obtained by taking a nonrelativistic limit of usual
relativistic diffeomorphisms. It is more convenient and natural to choose N being just the
function of t. There are a few advantages to work with this choice. With this choice, the
gauge symmetry is simpler and transparent. Furthermore, in the Hamiltonian formulation,
the constraints could form a closed algebra since the momentum conjugate to N does not
lead to a local constraint[1]. As a result of less constraints than standard GR, the physical
degrees of freedom in the theory include not only the massless gravitons but also another
propagating scalar. The existence of extra scalar field has profound meaning in cosmology.
In [6], we showed that for the action without the detailed balance condition, this scalar may
lead to scale invariant spectrum.
On the other hand, if one abandon the projectability condition and let N be the function
of both t and xi, one will find that the theory would be ill-defined, as shown in [1, 15].
At the special value λ = 1, the theory develops an enhanced time-independent U(1) gauge
symmetry acting via
δNi = ∂iǫ, δgij = 0. (6)
Due to the existence of extra gauge symmetry, the scalar mode is not physical anymore. It is
remarkable that even with this extra gauge symmetry, the total gauge symmetries is different
from the usual diffeomorphisms in general relativity. In other words, the diffeomorphisms
has not been recovered at λ = 1. This fact is essential to understand why at λ = 1 the extra
scalar degree of freedom could be decoupled without trouble.
To understand the decoupling better, let us consider the perturbation around FRW met-
ric:
ds2 = −dt2 + a(t)2δijdxidxj
= a2(η)(−dη2 + δijdxidxj). (7)
Here for simplicity we focus on the flat universe, and use the co-moving time η =
∫
dt/a
as time variable. The above metric could be reduced to Minkovski spacetime if a(t) is a
constant. Perturb the flat metric, and use the ADM formulism in co-moving time,
ds2 = −(N 2 −N iNi)dη2 + 2Nidηdxi + gijdxidxj, (8)
The fluctuations around the above metric could be
N = a(η)(1 + A), (9)
Ni = a(η)(∂iB + Vi), (10)
gij = a
2(η){(1− 2ψ)δij − ∂i∂jE − 2∂(iFj) + hij}, (11)
where A,B, ψ, E are scalar perturbations, Vi and Fj are vector perturbations, and tij is
the gauge-invariant tensor perturbation describing gravitational wave. Under the gauge
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transformations (5), we have
A → A˜ = A− 1
a
(ξ0a)′, (12)
B → B˜ = B − aζ ′, (13)
E → E˜ = E + 2ζ, (14)
ψ → ψ˜ = ψ + ξ0a
′
a
, (15)
Vi → V˜i = Vi + (ξi⊥)′, (16)
Fj → F˜j = Fj + (ξi⊥)′, (17)
hij → h˜ij = hij , (18)
where we have decompose the spatial vector ξi as
ξi = ξi⊥ + ∂
iζ (19)
with ξi⊥ being divergenceless and ζ being a scalar. The gauge invariant variables besides hij
are
Ψ = A+ ψ +
(
ψ
H
)′
, (20)
Φ = B +
E ′
2
, (21)
Si = Vi − Fi. (22)
We will only focus on the scalar perturbations. It is convenient to work with the gauge
A = 0, E = 0. (23)
Note that the above gauge choice is consistent with the projectability condition. Since ξ0
is the only function of t, the gauge transformation on A would not spoil the projectability
condition.
If the scale factor is a constant, the above gauge transformations reduce to the ones in
flat spacetime. In [16], the gauge invariant perturbations about the flat spacetime have been
analyzed carefully. Actually, from the discussion there, one can see that the extra dynamical
scalar mode can decouple without trouble. It was claimed in [16] that such scalar mode is
not a propagating mode. This is not true. The problem comes from the fact that the lapse
function is projectable so that it induce a non-local super-Hamiltonian constraint. For the
flat spacetime, the perturbation A of the lapse function is a pure gauge and can be set to
zero safely. Even if A is kept nonvanishing, the variation with respect to A would only lead
to non-local constraint, which is less powerful than the local one.
In terms of ADM metric, the action of original Horˇava-Lifshitz gravity theory can be
written as[2]
Sg =
∫
dtd3x
√
gN
{
2
κ2
KijG
ijklKkl − κ
2
2
[
1
ω2
Cij − µ
2
(
Rij − 1
2
Rgij + ΛWgij
)]
· Gijkl
[
1
ω2
Cij − µ
2
(
Rij − 1
2
Rgij + ΛW gij
)]}
. (24)
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whereKij is the extrinsic curvature of the spatial hypersurface; Cij is the Cotton tensor which
can be used to preserve the detailed-balanced condition in constructing the action; Gijkl is
the De Witt metric on the space of metrics that preserve the anisotropic diffeomorphism,
and Rij is the Ricci tensor in spatial hypersurface. Their definitions are
Kij =
1
2N
(g˙ij −∇iNj −∇jNi), (25)
Cij = ǫ
ikl∇k
(
Rj l − 1
4
Rδjl
)
, (26)
Gijkl =
1
2
(
gikgjl + gilgkl
)− λgijgkl. (27)
Here and throughout the paper, a dot over the quantity means taking the derivative with
respect to cosmic time t, while a prime denotes that to co-moving time η. The first term in
(24) involving only the extrinsic curvature is the kinetic term, while the others are potential
terms. λ is the coupling constant in the kinetic term, and runs expectedly to λ = 1 at IR
regime at which the kinetic term goes back to the one in the general relativity. This specific
form of the action is governed by the detailed-balance condition, which is just applied by
Horˇavafor convenience to decease the number of arbitrary parameters. The expansion of the
action gives
Sg =
∫
dtd3x
√
gN
{
2
κ2
(KijK
ij − λK2)− κ
2
2ω4
CijC
ij +
κ2µ
2ω2
ǫijkRil∇jRlk
−κ
2µ2
8
RijR
ij +
κ2µ2
8(1− 3λ)
(
1− 4λ
4
R2 + ΛWR− 3Λ2W
)}
. (28)
Comparing this action with the Einstein-Hilbert action in IR limit
SEH =
1
16πG
∫
d4x
√
gN{(KijKij −K2) +R− 2Λ}, (29)
with x0 ≡ ct, we can recover the speed of light, Newton constant and the cosmological
constant by the parameters introduced before,
c =
κ2µ
4
√
ΛW
1− 3λ, G =
κ2
32πc
, Λ =
3
2
ΛW . (30)
Thus at IR the theory recovers nearly the usual general relativity, with the higher derivative
terms of spatial metric components as the modifications. Even though the higher derivative
terms are highly suppressed at IR, strictly speaking, the theory always breaks diffeomor-
phism, or locally Lorentz invariance.
In Horˇava’s original paper [2] the coupling constant λ runs to 1 in IR limit. And in UV,
because of the anisotropy between space and time, the speed of light is not a constant and
may be extremely large, which could be used to explain the horizon and flatness problem[18].
But from (30) we know that this can only occur in the case λ < 1/3 if we take Λ to be positive,
taking into account of the fact Λ is directly related to cosmological constant. However, this
raise the worry that the marginal coupling constant λ can never run to its infrared value
λ = 1, which is directly in contrast with our former description. To solve this problem, it
was proposed that one should do analytical continuation on the parameters[11]
µ→ iµ, ω → −iω, (31)
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which leaves the action real. And under this continuation, we see from (30) that
c =
κ2µ
4
√
ΛW
3λ− 1 , (32)
and there is no conflict between Λ > 0 and λ > 1/3. And when λ → 1/3 proposed by
Horˇava as the ultraviolet value of this coupling constant, we have a very large speed of light,
which can naturally solve the casuality problem in cosmology without inflation.
To understand the extra scalar degree of freedom, let us come back to the scalar pertur-
bation we studied before[5, 6]. We need only focus on the kinetic term in the above action,
which is just
SK =
∫
dtd3x
{
3αa3(1− 3λ)
[
2
3
ψ˙2
1− λ + 6Hψψ˙ + 9H
2ψ2
]}
. (33)
Several remarks are in order:
1. From the action, it is obvious that the scalar mode ψ is physical when λ < 1/3 and
λ > 1, while when 1/3 < λ < 1 the mode is a ghost, indicating that the theory is not
well-defined[21]. At the special value λ = 1, the mode is decoupled, as we will clarify
more below. And at λ = 1/3, the theory has extra symmetry, as discussed carefully
in [2]. This fact is the same as the one found in [1, 2] where the perturbations around
the flat spacetime were studied.
2. More interestingly, the equation of motion of ψ takes the following form:
1− 3λ
1− λ ψ¨ + .... (34)
This indicates that when λ → 1, the scalar field ψ could be decoupled naturally, in
contract with the claim in [7]. It seems that the strong coupling problem does not
exist in our case.
3. The absence of the strong coupling problem may stem from the fact that we take
different points of view on gauge transformations. In our case, we stick to the require-
ment that the lapse function should be projectable, as originally advocated in [2]. As
a result, we do not expect that the diffeomorphism is recovered at λ = 1. Instead,
the decoupling of the extra scalar mode comes from the fact that there is extra gauge
symmetry at λ = 1. This is conceptually different from the case studied in [7] and
Fierz-Pauli massive gravity[8].
4. Technically it is remarkable the equation of motion of ψ has a prefactor proportional
to 1/(1− λ) rather than (1 − λ). This difference has significant physical implication.
In our case, this means that the scalar mode could be decoupled without trouble.
Another way to see this is to cast the scalar mode into canonical form such that the
mode become non-physical at λ = 1. It is remarkable that in [1, 2], the equation of
motion of the scalar mode around the flat spacetime background has the prefactor
(1 − λ). However this is due to different gauge choice. It has been shown in [16] by
rescaling the field, one has the same equation of motion. In fact, no matter what kind
of gauge choice, the physical dispersion relation is exactly the same. This suggests
that for the cosmological perturbations, the different gauge choice would not lead to
different dispersion relation. Namely, the extra scalar mode may decouple naturally
as λ→ 1.
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III. MODIFIED HORˇAVA-LIFSHITZ GRAVITY
The existence of the ghost is fatal to the theory. It means that the theory is not well-
defined, not mentioning UV completeness. One may expect that we can always work in the
region outside λ ∈ [1/3, 1]. However this cannot be guaranteed, considering our ignorance
of the details of RG flow. On the other hand, in the practical application in cosmology, one
wish the RG flow is from λ ∼ 1/3 to λ = 1 in original Horˇava-Lifshitz gravity. In this
paper, we take a modest attitude and try to modify the Horˇava-Lifshitz gravity such that
the RG flow may happen always with λ > 1. In order to do so, we have to abandon the
detailed balance condition. As it is well-known, the detailed balance condition may not be
essential to the theory[26, 28, 33]. The imposing of such condition is pragmatic to simplify
the action. In principle, one may relax this condition and consider more general form of
the action. In this paper, we do not want to consider the most general form of the action.
Instead, we just consider the marginal spatial kinetic part and most relevant deformations,
besides the time kinetic terms. The action we start with is of the form
Sg =
∫
dtd3x
√
gN
{
α(KijK
ij − λK2) + ξ(λ)R+ σ(λ)
−β (β1∇iRjk∇iRjk + β2∇iRjk∇jRik + β3∇iR∇iR)} . (35)
Here we only keep the marginal terms that are power-counting renormalizable and domi-
nant in UV limit, besides the lower-dimensional terms to recover IR behaviors.1 The other
marginal terms being cubic of Ricci scalar and Ricci tensor, and the other relevant terms like
R2 and R∇R are neglected for simplicity. For a complete discussion on all possible terms
maintaining the power-counting renormalizability, see [26].
Because of the breakdown of the detailed balance condition, the coupling constants before
each terms are independent. The couplings could be connected to the speed of light, the
Newtonian coupling constant and the cosmological constant of Einstein’s general relativity
in IR limit,
c2 =
ξ
α
, (36)
16πG =
1
cα
, (37)
Λ = − σ
2ξ
. (38)
Here we see that c2 can be positive, if we choose a proper form of the function ξ(λ). Fur-
thermore, we can require c to be very large when λ is near its ultraviolet value. In Horˇava’s
original paper, he suggested λ → 1/3 at the UV limit, which gives a large speed of light
in (30) or (32). Here we only take this condition as a constraint on the function ξ(λ). For
instance if the theory requires λ to be larger than the unity at UV as we will propose as a
condition to exclude the ghost field, the function ξ(λ) may be divergent when λ tends to be
infinity.
1 Actually, after some integrals by parts and using the Bianchi identity, the β2∇iRjk∇jRik term can be
converted to a (β2/4)∇iR∇iR term and some higher order terms. In our current work we can just set
β˜3 = β3 + β2/4 and discard the β2 term. This will change in the calculation of non-Gaussianity. Thanks
Shinji Mukohyama for useful discussions.
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For our use let us have a glance of the classical dynamics of the universe under such an
action. In a homogenous and isotropic universe,
ds2 = −dt2 + a2hijdxidxj, hij = δij + Kx
ixj
1−Kx2 , (39)
where K is the parameter to describe the spatial curvature. Under this metric, the universe is
homogeneous and isotropic, which will greatly simplify our following calculations. To apply
our foliated diffeomorphism, we need use the ADM formalism of this Robertson-Walker
metric, with the extrinsic curvature and the Ricci tensor to be
Kij = H(t)gij, K = 3H(t), (40)
Rij =
2K
a2
gij, R =
6K
a2
, (41)
where H(t) = a˙/a is the Hubble parameter.
We take the variation of the action (35) with respect to N , and have our first equation
of constraint. ∫ √
g
[
− 2
κ2
(KijKij − λK2) + ζR+ σ
]
d3x =
∫ √
gρd3x. (42)
Here, ρ is the energy density of the Lifshitz scalar in the universe, and can be written as
ρ = − 1√
g
δSm
δN
(43)
where Sm is the action of matter field, which can be a Lifshitz scalar[17], gauge field[4]
or something else. Because of the projectability of the lapse function N(t), we only have
a spatial-integral constraint here. This is generic for all the Horˇava-like models with pro-
jectable lapse function N(t)[26]. But, for a homogeneous and isotropic Friedman universe,
this constraint equation is valid at every point, and the integral can be removed legally.
Thus we have the first Friedman’s equation[11, 17]
H2 =
c2
3α(1− 3λ)
[
−ρ+ 6K
a2
ξ(λ) + σ(λ)
]
. (44)
Since ρ is the energy density of matter and radiation, σ(λ) plays the role of “cosmological
constant”. Here, it is a function of λ and evolves when λ varies as the energy scale changes.
This implicant dependence may be treated carefully when we are facing problems like the
evolution of dark energy or the tilt of the power spectrum. But because the dependence
of λ on the cosmic time is unknown, we will neglect this dependence and suppose that in
the process we are interested in, the change of σ(λ) is so little that it will not have any
significant physical effect, and so is H(λ). We see from (44) that if the universe is flat
and dominated by the cosmological constant, for some λ greater than 1/3, we must have
σ(λ > 1/3) < 0, which means that we have a positive cosmological constant Λ > 0 at
IR, since from (36), ξ(λ > 1/3) is always positive. These two conditions guaranteed the
positivity of the cosmological constant and H2. If the matter/radiation contribution could
be ignored safely, the homogenous and isotropic solution is a pure de-Sitter spacetime, with
an exponentially expanding scale factor a(t) ∝ exp(Ht).
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The second equation of constraint is obtained by taking the variation of the action with
respect to the shift vector Ni,
∇i(Kij − λKgij) = 0. (45)
Because the extrinsic curvature is homogeneous in a Friedman universe, as in (40), Kij ∝
gij, this equation is trivially satisfied for the background evolution. But it will supply a
perturbative constraint equation up to first order if the perturbations to the background
metric are under consideration.
Finally take the variation of action (35) with respect to gij, we have the equation of
motion of dynamical degree of freedom. The explicit expression (see [11, 18, 26]) is rather
lengthy and has little to do with our following discussion so we would like not write it here.
IV. SPECTRUM OF THE GRAVITATIONAL SCALAR
From the discussion above, we know that the classical evolution of the scale factor in the
Horˇava era is determined by (44). Especially, when cosmological constant is dominant and
the universe is flat, the evolution is the exponentially expansion like in a de Sitter phase.
In this section, we will calculate the perturbation of the gravitational field, and study the
equations of motion of the scalar modes.
Taken the ADM formalism and the gauge choice (23), with some relations derived through
the two constraint equations, the perturbed action of the gravitational field up to second
order can be written as
S(2) =
∫
dtd3x
{
3αa3(1− 3λ)
[
2
3
ψ˙2
1− λ + 6Hψψ˙ + 9H
2ψ2
]
−2β
a3
(3β1 + 2β2 + 8β3)ψ∂
6ψ − 2aξ(λ)ψ∂2ψ
}
. (46)
Now the Hubble parameter is a constant. For convenience we define a conformal time η with
dt = adη and introduce an auxiliary field χ = aψ. After taking the variation with respect
to ψ, and changing to the momentum space, we have
χ′′(η) +
(
k6H4L¯4η4 + c2sk
2 − 2
η2
)
χ(η) = 0. (47)
where
c2s =
1− λ
1− 3λc
2 (48)
is the speed of sound, and
L¯ =
L
2π
, L = 2π
[
β
α
1− λ
1− 3λ(3β1 + 2β2 + 8β3)
] 1
4
, (49)
is the characteristic length which denotes the scale where the trans-Planckian effects becomes
significant.
This equation can not be solved analytically. However, many efforts has been done to
deal with this type of Corley-Jacobson dispersion relation[22, 23, 24]. The author of [29]
have already studied the trans-Planckian physics appearing naturally in Horava-Lifshitz
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gravitational waves, and find a scale invariant power spectrum in a specific connecting time.
Here we follow the method of Martin et.al.[22] to investigate the trans-Planckian effects
of the gravitational scalar. We split the period under consideration into three regions by
two different characteristic lengths: the trans-Planckian length L and the sound horizon
cs/H . First, when η → −∞, we can set the initial value of the wave function χ(ηi) and its
derivative χ′(ηi) such that they initially minimize the energy density. This is to satisfy
χ(ηi) =
1√
2k3
1
HL¯|ηi| , (50)
χ′(ηi) = ±i
√
k3
2
HL¯|ηi|. (51)
Then, in UV region when the physical wavelength of the mode concerned is much smaller
then the characteristic length, k6 term is dominant in (47),
χ′′UV + k
6H4L¯4η4χUV = 0. (52)
In a new variable z = k3H2L¯2|η|3/3, the solution to this equation can be expressed as
χUV(η) = A1
√
|η|J1/6(z) + A2
√
|η|J−1/6(z), (53)
where A1 and A2 can be determined by the continuity of χ and χ
′ at the initial time ηi, to
be
A1 =
πHL¯
6 sin(π/6)
√
k3|ηi|3
2
[J5/6(zi)∓ iJ−1/6(zi)], (54)
A2 =
πHL¯
6 sin(π/6)
√
k3|ηi|3
2
[J−5/6(zi)∓ iJ1/6(zi)], (55)
Note, that in the UV region |ηi| ≫ 1 and zi ≫ 1, we can expand the Bessel’s function into
its asymptotic form when the argument is large, and the coefficients reads
A1 ≈
√
π
3
(∓i) exp
[
∓i
(
zi +
π
12
− π
4
)]
≡ ±i
√
π
3
e∓ixi , (56)
A2 ≈
√
π
3
(±i) exp
[
±i
(
zi − π
12
− π
4
)]
≡ ±i
√
π
3
e±iyi . (57)
Here for simplicity we have defined
x = z +
π
12
− π
4
, y = z − π
12
− π
4
. (58)
In the intermediate region, the wavelength of the k-mode exceeds the characteristic length
L but still much less then the sound horizon cs/H , i. e. L ≫ λ ≫ csH−1. Then we can
neglect the UV term and the cosmological damping term in (47), and get an oscillation
solution of the perturbation as a plane wave. We can deduce the connecting time η⋆ between
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UV and intermediate region 2,
2π
k
a(η⋆) = L⋆, |η⋆| = 2π
kHL⋆
=
1
kHL¯⋆
. (59)
Here, the emergence of the subscript ⋆ of the characteristic length L⋆ is because that L
also varies with time through the parameter λ, which depends on the energy scale by the
renormalization flow. When we calculate the critical time η⋆, all the parameters should be
the value at η⋆ including L. In this region, the solution is the usual plane wave
χint(η) = B1e
icskη +B2e
−icskη. (60)
Then we can determine the coefficients B1 and B2 by connecting χint and its derivative with
those in the UV region. This reads
B1e
icskη⋆ =
A1
2
|η⋆|1/2
[
J1/6(z⋆) + ik
2H2L¯2|η⋆|2J−5/6(z⋆)
]
+
A2
2
|η⋆|1/2
[
J−1/6(z⋆)− ik2H2L¯2|η⋆|2J5/6(z⋆)
]
, (61)
B2e
−icskη⋆ =
A1
2
|η⋆|1/2
[
J1/6(z⋆)− ik2H2L¯2|η⋆|2J−5/6(z⋆)
]
+
A2
2
|η⋆|1/2
[
J−1/6(z⋆) + ik
2H2L¯2|η⋆|2J5/6(z⋆)
]
. (62)
To go further we notice that
k2H2L¯2⋆|η⋆|2 = 1, (63)
and generally L⋆ ≪ H−1, so we also have |ηi| ≫ |η⋆| ≫ 1. The Bessel functions can also be
expanded in its asymptotic form as before, then we get
B1 = ∓ i√
2k
e−icskη⋆e±ixi[e−iy⋆ − e∓iπ/6e−ix⋆ ], (64)
B2 = ∓ i√
2k
eicskη⋆e±ixi [eiy⋆ − e∓iπ/6eix⋆ ], (65)
where x and y are defined in (58).
As the universe expands the wavelength of k-mode is stretched and becomes larger and
larger, and finally exceeds the sound horizon. This critical time η∗ is determined by
a(η∗)
k
=
cs∗
H
, |η∗| = 1
cs∗k
. (66)
The meaning of the subscript ∗ of the sound speed is similar as before: we require λ in the
definition of cs be its value at η∗. When η ≫ η∗, the fluctuation is in an IR region. The
perturbation will freeze out after it exceeds the horizon, so primordial value of the power
2 Here some subtlety exists when choosing the exact connecting time whether we should let λ = L or
k6H4L¯4η4 = c2sk
2. In [23], the detailed discussion shows that we should choose to avoid the oscillation
spectrum. But in our case we will show that the former choice will also sweep the oscillation in the final
result.
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spectrum observed today can be traced back to its value at and before η∗. The IR solution
of equation (47) is
χIR = Cη
2 +
D
η
(67)
For convenience we only pick the increasing mode3, whose coefficient can be determined by
connecting χint and χIR at η∗, which reads
D =
1
cs∗
√
2k3
exp
{
∓i
[
k(η⋆ − η∗) + z⋆ − zi − π
2
]}
. (68)
Therefore the power spectrum is
Pψ =
k3
2π2
|ψ|2 = k
3
2π2
H2|D|2 =
(
H
2πcs
)2
∗
. (69)
which is obviously scale-invariant, if we neglect the time variation of the horizon at the
inflationary stage. If so, the slight difference of the horizon-crossing time for different wave-
lengths will produce different H ’s, thus different spectra. This is of course the usual case in
the model slightly breaking the time-translation invariance of the de-Sitter stage.
To comprehend the significance of (69), we note that the spectrum is frozen out after the
mode exceeds the sound horizon. When the exponentially expansion is over and the universe
recovers usual GR behavior, all the parameters in our original action (35) recover the IR
limit value, and specifically, λ → 1+. But this will never influence the value of the power
spectrum which is completely determined by the values of parameters at horizon-crossing.
On the other hand, if λ runs to unity much earlier before the wavelength of the fluctuation
mode exceeds the sound horizon, i. e. cs(η < η∗) = 0,
4 then the scalar spectrum is divergent,
showing the breakdown of the treatment. This is just what we expect: the theory recovers
the general relativity so early that it looks the same as the usual inflationary model and the
gravitational scalar is not a physical degree of freedom and will not bring observable power
spectrum any more.
V. PRIMORDIAL GRAVITATIONAL WAVES
From the discussion above we see that the scalar mode of the gravitational scalar is scale
invariant. This is the generic property under the de Sitter background with time translation
invariance. We will see the same result for the gravitational tensor modes[29]. We also start
with the perturbed metric, only to the tensor parts,
ds2 = −dt2 + a2(t) (δij + hij(t, ~x)) dxidxj , (70)
where hij has been already defined in 10, and satisfies the transverse-traceless conditions
hii = 0, ∂ihij = 0. Substituting this metric into the total action, we obtain the tensor action
of second order,
S(2)g =
∫
dtd3xa3
[
α
4
h˙ji h˙
i
j + β1
β
4a6
∆2hji∆h
i
j +
ξ(λ)
4a2
hij∆h
j
i
]
. (71)
3 Connect with both the decaying and increasing modes will bring here an inessential factor of order unity,
as in [? ].
4 This requires c(λ) remains finite in the case when λ→ 1.
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The transverse traceless tensor hij can be Fourier transformed by plane waves with wavenum-
ber k as
hij(t,k) =
∑
A=R,L
∫
d3k
(2π)3
ψA
k
(t)eik·xpAij, (72)
where pAij is the circular polarization tensor which is defined by iksǫ
rsjpAij = kρ
AprAi [25].
Here ρR = 1, ρL = −1, and are called the right handed mode and the left handed mode
respectively. We also impose normalization conditions as p∗iAj p
jB
i = δ
AB, where p∗iAj is the
complex conjugate of piAj . Substituting the expansion into the action (71), we obtain
δ2Sg =
∑
A=R,L
∫
dt
d3k
(2π)3
a3
{
α
4
∣∣∣ψ˙Ak ∣∣∣2 −
[
β1
β
4a6
k6 +
ζ(λ)
4a2
] ∣∣ψA
k
∣∣2} . (73)
Using the variable υk ≡ aψAk and the conformal time η, and rewrite the action by co-moving
time η, with a = −1/Hη in the de Sitter-like space, we have
υ
′′
k
(η) +
(
k6H4l¯4η4 + c2k2 − 2
η2
)
υk(η) = 0. (74)
where similarly to the treatment on the scalar perturbation before, we define a characteristic
length related to ultraviolet gravitational waves, l¯ = (β1β/α)
1/4. We see from this definition
and (49), that the characteristic length of scalar and tensor modes may be different. This
relies on the relative magnitude of different β’s.
Some discussions parallel to last section will yield the power spectrum of gravitational
wave as
Ph =
k3
2π2
|υk|2
a2
=
(
H
2πc
)2
†
(75)
where the subscript † means the quantities are evaluated at the time of horizon-crossing of
the gravitational waves, i.e.
a(η†)
k
=
c†
H
, |η† | = 1
c†k
. (76)
Obviously the power spectrum of tensor mode is scale invariant as well. In [29], the author
use the same method to connect the solution step by step and calculate the infrared power
spectrum, but with only two pieces to join and thus more accurate sub-solution in each
piece: Hankel function in infrared region. However, after taking the correct connecting time
η⋆ in (59) as we do before, the dependence on the “cutoff energy scale” there also vanishes.
Now we can calculate the tensor-to-scalar ratio5,
r =
Ph
Pψ
=
cs∗
c†
=
1− λ∗
1− 3λ∗
ξ(λ∗)
ξ(λ†)
. (77)
5 Note that the tensor-to-scalar ratio is usually defined to be Ph/Pδφ, by the power spectrum of the
perturbations of inflaton field in ordinary inflationary models. And in super-horizon scales, Pδφ is of the
order as Ph divided by slow-roll parameter ǫ. Because we have not placed any scalar field here, we define
the tensor-to-scalar ratio as Ph divided by just the spectrum of gravitational scalar
14
This shows that the ratio is only determined by the speed of sound/light at the sound-
/hubble-horizon-crossing. All the dependence on the characteristic length of the ultraviolet
behavior do not appear in the ratio. We may try to estimate this ratio by the assumption
that ξ varies slowly to 1 when the k-mode we are interested in crosses the horizons. Then
we can neglect the ξ term in (77) and have only the dependence of λ at sound horizon
crossing. Since r ≪ 1 from the observations, λ∗ = 1+ 2r must be very close to 1+, which is
in consistency with our former assumption.
VI. CONCLUSION AND DISCUSSION
In this paper, we clarified several issues in the Horˇava-Lifshitz gravity. We first showed
that the strong coupling issue may not be so serious as argued in the literature before. The
basic point is that the diffeomorphism is only a good approximation even at IR. Taking
into account of the projectability condition, the usual Stuckelberg trick could not be applied
naively. From our discussion, it seems that the extra dynamical scalar degree of freedom
could be decoupled naturally.
However, the theory may suffer from other pathologies. One concern is on the existence
of the ghost excitation. We showed that as the perturbations around the flat spacetime, the
scalar perturbation around the flat FRW universe could be a ghost in the parameter region
1
3
< λ < 1. The presence of the ghost mode is a serious challenge to the theory. We tried
to avoid the dangerous parameter region by mildly modifying the Horˇava-Lifshitz action.
We kept only the most UV sensitive and IR sensitive terms. We discussed the classical
evolution and the power spectra of scalar and tensor perturbations. We obtained scale
invariant spectrum if the Hubble constant H does not change. We also calculated the
tensor-scalar ratio, and found it could be small under reasonable condition.
The nature of the power spectra studied in this paper is purely gravitational. In par-
ticular, in the language of orthodox cosmology, the scalar perturbation is expected to set
up the initial conditions and seed the anisotropy of large scalar structure in our universe.
Some work has been done to reveal the evolution of perturbations after inflation in Horˇava-
Lifshitz gravity[32]. After inflation ends, this gravitational perturbation must be converted
into CMB anisotropy and matter inhomogeneity through some post-inflation evolotions. But
still we do not know yet how to couple the gravitational scalar mode with, for instance, the
radiation. This is an interesting issue, which we would like to study in future. Recently,
an interesting paper on the Horˇava-Lifshitz universe with single scalar field discussed the
curvature perturbation ζ [34].
One essential issue in Horˇava-Lifshitz gravity is on its RG flow. In [27], it has been shown
that in Lifshitz-like scalar field theory, the RG flow may not lead the theory to the fixed point
we want. Considering the numbers of the parameters in modified Horˇava-Lifshitz gravity,
this raise the concern if the theory can flow to IR fixed point λ = 1. Moreover, the details of
RG flow can tell us if we can avoid the dangerous region, where the ghost excitation appears,
even we start from a safe region. Furthermore, RG flow may closely related to the physics
in the inflationary era. It is not clear whether RG flow of the theory runs to its IR fixed
point before the inflationary era. If it did, then the gravitational scalar is not dynamical
and has nothing to do with inflation. Even if the energy scale to reach IR limit is lower than
the inflation era, there is an important question to answer: did λ vary significantly in the
inflationary era? The variation of λ may tilt the power spectra and has interesting physical
implications. In any case, the behavior of the Horˇava-Lifshitz gravity theory under RG flow
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deserves careful investigations.
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